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Abstract An alternative formula is presented to compute shear stresses in non-principal coordinates
of arbitrary cross-sections for linear elastic, prismatic beams. In contrast to the formula traditionally
used in textbooks for non-principal coordinates, the new formula avoids lengthy computations with the
first and second moments of area. The trade-off is that the normal stresses must be computed before
the shear stresses; however, since in practical situations both normal stresses and shear stresses need
to be known, this is not considered a general disadvantage of the proposed formula. Whereas the
traditional formula takes different formats for principal and non-principal coordinates, the new formula
is valid in any coordinate system. Thus, simplicity is gained.
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Introduction

In many engineering applications, shear stresses have to be computed for arbitrary
cross-sections. The traditional formulas for the computation of shear stresses appear
in two formats. The first, simplest format requires that the principal axes of the cross-
section be known and used. This is considered as a limitation, since the transfor-
mation from an arbitrary coordinate system to the principal coordinates can be
lengthy and burdensome. The second, more lengthy format is an extension of the
formula for principal coordinates, and requires the decomposition of the first and
second moments of area.

The limitations of the traditional formulas for shear stresses have been recognized
by Wang [1], who proposed vector formulas as an alternative to overcome the restric-
tion to the principal axes. Although the derivations in [1] do not depend on the coor-
dinate system, a basic knowledge of vector algebra is needed. Here, we present an
alternative formula for the computation of shear stresses, which does not relate to
the principal axes, and nor does it require any knowledge of vector algebra. As such,
the proposed formula is well suited for education of engineering students, as well
as for use in engineering practice.

The proposed formula uses the same starting point as the traditional formula for
shear stresses: the equilibrium of a fraction of the cross-section, thus relating the
shear flow to the part of the normal stresses that are due to bending. In order to intro-
duce all quantities and symbols in a systematic manner, this well known part of the
theory is briefly reviewed in the next section. The traditional shear stress formula
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assumes a coordinate system in the principal directions to arrive at transparent, easy-
to-use formulas — but for the case of non-principal coordinates the complexity of the
formula increases. Here, an alternative formula is derived that does not require coor-
dinate axes in the principal directions. Nonetheless, the resulting formula to compute
the shear stress is of a similar simplicity to the traditional formula for principal coor-
dinates. The next two sections deal with the traditional formulas and the newly pro-
posed formula, respectively, where both depart from the well known formula for
shear flow. The subsequent section illustrates how the new shear formula can be
used.

Shear flow in prismatic beams

In Fig. 1, part of a prismatic beam is considered, of length Ax. The origin of the
orthonormal coordinate system corresponds to the centroid of the cross-section,
where the beam is aligned along the x axis, while the y axis and the z axis have arbi-
trary orientations. Distributed loads ¢, and ¢, act on the beam in the y and z direc-
tions. For simplicity in the following derivations, no distributed load in the x
direction is considered: g, = OkN/m. Furthermore, it is assumed that Young’s
modulus, E, is constant within the cross-section. In Fig. 1, the positive shear forces,
V, and bending moments, M, are depicted. Since ¢, = 0, no change of normal forces
occurs, and the normal forces have been left out of consideration in the following.

With the introduced sign conventions for V and M, the following well known
differential relations can be derived:

dMm,
V,=—— 1
= (M
v _dM, )
T dx

V.
M, VY
% ; M,
N 14 _ ¥
MSE

V.

Ax

Fig. 1. Notation and sign conventions.
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Fig. 2. Definition of A™ and normal vector, m, in a cross-sectional cut (left) and shear
flow along a longitudinal cut (right).

The presence of the bending moments, M, and M_, results in a distribution of normal
stresses. When only a portion of the cross-section is considered (see Fig. 2), force
equilibrium in the x direction reveals that:

—R +59Ax+ R + AR =0 3)

where Ry, is the resultant of the bending-induced normal stresses 6™ = ¢, and s, is
the shear flow (force per unit of length) in the x direction. The superscript (a) denotes
the portion of the cross-section that is considered separately; R} is the resultant
of the normal stresses that act on the portion (a) of the cross-section, or:

Ry = [ 6¥(y.2)dA )
A(a)
Furthermore, a vector, m, can be defined that is normal to the cut, which is needed
for a unique definition of the shear stresses (see below).
Equation 3 leads to the well established differential relation between shear flow
and the resultant of the normal stresses:
d R(a)
(a) _ M
s =—— 5
dx ()
Equation 5 does not present an expression which can easily be used in practice, and
therefore further derivations are necessary. Equation 5 is used as the starting point
for both the traditional and the alternative formulas.
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Traditional formulas

Traditionally, the derivation continues with the assumption that y and z are the prin-
cipal directions of the cross-section. If this is the case, the normal stress due to
bending, OM(y, z), can be written as:

M.y " M,z
I I

z Yy

(6)

¥ (y,2)=

where I, and I, are the second moments of area of the cross-section. Equations 4-6
and expressions 1 and 2 lead to:

do™(y, Vy V.
syz_J__Q:%A=fijymp_iij )
Al dx Iz Al Y pl@
or
vV Ea) V. (f:)
5@ = _Wo" V.o© (8)
I, 1,

where O\ and Q' are the first moments of area of the separated portion of the

cross-section. The shear stress, 7,,, is assumed to be constant over the width of the

cross-section, b':

Tme = @ ©)
Finally, equivalence of shear stresses in two orthogonal planes yields:
(a) |4 ia) V. (a)
Tom =Ty = = }QL ZQy (10)

b@ =" Izb(a) - be(a)

Note that direction of the shear stress, 7,,, is always related to the separated portion
of the cross-section that is considered: a positive shear stress is directed in the pos-
itive m direction, which orientation is set by the cut that is made.

If the restriction to principal coordinates is dropped, equation 6 is expanded as:

(M.1,-M,1,.)y . (M,I.-M.1,.)z
LI -1 11— 12

o"(y.z)= (11)

Then, an expression for the shear stresses can be found as (see for instance [2]):

_ (‘/yly — ‘/}'Iyz) Z(a) (‘/ZIZ _ ‘/ylyz) )(.a)
Tam =~ (1,1, = 12)b' B (1,1, - 12)p (12)

which is considerably more complex than equation 10.

Alternative formula

As an alternative, for the derivative dR{{/dx from equation 5, the chain rule can be
applied as:
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dRiY _dR dM _ dR;}
dx  dM dx dM

13)

in which no assumption regarding the coordinate axes system has been made. Due
to the linear dependence of R}y on M, it can be written that [3]:

R(a) R(a)
dRv’ _ Ry (14)
dM M
Thus, the shear flow can be elaborated as:
R(a)
(a) _ M
@ — 2y 15
s ; (15)

and the shear stress is again assumed to be constant over the width of the separated
portion:

Ry V
M p@

Tom = (16)

In our proposed methodology, equations 15 and 16 replace equations 8 and 10,
respectively. When these two sets of equations are compared, it can be seen that the
ratio R}{/M plays the role of Q'/I, or of Q\“/I.. A few remarks can be made.

First, since Q\“/I, and R}?/M are equivalent, R}{/M can be interpreted as a geo-
metrical (rather than mechanical) property of the cross-section. As such, it is inde-
pendent of Vin the sense that there does not need to be a mechanical relation between
V and M. Although it may seem counter-intuitive at first glance, any fictitious
bending moment M may be considered, as long as M acts in the same plane as V and
as long as R{? is computed in accordance with the chosen M. The reason why M and
V should act in the same plane can be seen from equation 13: application of the
chain rule and substitution of V is valid only if V is the derivative of M, that is, if
M and V act in the same plane.

Second, in the derivation of equations 15 and 16, no assumptions regarding the
coordinate system have been made. Indeed, equations 15 and 16 are valid in any
coordinate system. Thus, the same simple formulas can be used for principal and
non-principal coordinates, which is in contrast to the traditional approach.

Third, in order to compute the shear flow or the shear stress at a particular point,
a bending moment must be assumed, and the resultant force, R}, needs to be known.
Therefore, an arbitrary normal stress distribution must be determined before evalu-
ation of the shear stresses. This could be considered a disadvantage of the proposed
method. However, normally both the normal stress distribution and the shear stress
distribution are needed, so that the actual (rather than a fictitious) normal stress dis-
tribution can be used to compute R{{/M.

Fourth, equations 15 and 16 show that shear stresses are computed by consider-
ing the resultant of bending-induced normal stresses on a portion of the cross-
section. The same consideration has been used in the derivation of the shear
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formulas. Thus, a close relation between the derivation and the application of the
shear formulas is established, which improves insight into the shear formulas.

Finally, as can be easily seen from equations 4 and 16, the bending-induced
normal stresses are proportional to the x derivative of the shear stresses. Thus, if 6"
is constant in a part of the cross-section with constant thickness, then 7 is linear in
that part, and if o¥ is linear, then 7 is quadratic. Furthermore, 7 takes its maximum
or minimum value where the neutral axis cuts the cross-section, i.e. where 6" = 0.
These particularities can be used to sketch a shear stress diagram quickly, after which
the shear stress has to be computed only at a few relevant points.

Summarizing, equations 15 and 16 can be used in the following manner:

(1) A coordinate system should be selected, one axis of which should correspond
to the direction of the applied shear force, V. This does not need to be the prin-
cipal coordinate system.

(2) A bending moment, M, should be selected in the plane of V. When distribu-
tions of both normal stresses and shear stresses are required, it may be most
efficient not to use a fictitious M, but the actual M.

(3) For the selected M, the ratio R\Y/M can be determined as a continuous func-
tion or for a few relevant points.

(4) With the classical sign conventions that relate shear flow and shear stress to
the shear force, the shear stress distribution can be obtained.

The next section shows how the proposed formula can be used in engineering
practice.

Examples

Shear stress computed as a continuous function

As a first example, a thin-walled L-shaped cross-section is studied, of which the
geometry is given in Fig. 3. The thickness of both web and flange is ¢. The second
moments of area are given as I, = 361a’, I, = Jta’ and I,, = —9ta’. A vertical shear
force, V., is present, while V, = 0. Corresponding to V,, a bending moment, M,, is
considered. The normal stress distribution that is in accordance with M, can be
elaborated as:

M

(1 1
o"(y,z)= o (ﬁwﬁz) (17)

so that for the neutral axis z = —4y/3 is found (see Fig. 3).
First, the flange is considered. For the ratio R{j/M it can be written that:

LI
M M

Y Ala)

1 11
o(y,z)dA=— j (Ey+az)dA (18)

ta’ Al
Since for the flange it holds that z = —2a, equation 18 can be elaborated as:

Ry 1 5“/2(1 a)td _ —5a% +12a - 45°

137 12 444>

M td

19)

¥
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Fig. 3. L-shape example: geometry (left) and normal stress distribution expressed in
terms of M,/72ta” (right); neutral axis is indicated with dashed line.

where ¥ is the coordinate of the cut. Changing coordinates via y = —m, + 5a/2 (where

my, is the distance measured from the left tip of the flange — see Fig. 3), an expres-

sion for the shear stress is found as:
RY V. __V.

M 1 14410

flange: T, = (4mi —8amy) (20)

Following similar lines, for the web one can write:

RY 1 %M, ( a ¢ 32a® +4az - 37°
=— ||t dz=——7—F——
M M, )\ 36 24 144a

2n

where Z is the coordinate of the cut. Changing coordinates via 7 = —m, + 4a (where
m, is the distance measured from the bottom tip of the web — see Fig. 3) leads to an
expression for the shear stress as:
Ry V. V.

Mt 144id’

web: T, =— (3m3 —20am,) (22)

In Fig. 4, the shear stress distribution is plotted for the complete cross-section,
expressed in terms of V/144ta. As can be verified, the shear stress assumes its
maximum values where the neutral axis cuts the cross-section.
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Fig. 4. L-shape example: shear stress distribution in terms of V,/144ta; neutral axis is
indicated with dashed line.

Note that equations 19 and 21 contain only geometric quantities. As mentioned
above, the ratio R{{/M is a purely geometric quantity. This explains why any ficti-
tious bending moment, M, can be used for the evaluation of R{{/M.

Shear stress computed in discrete points
As mentioned above, it is equally possible to compute the shear stress not as a con-
tinuous function, but in a limited set of relevant points, using a priori knowledge of
the shear stress diagram (linear where 0" is constant, quadratic where 0" is linear,
extremum where 6" = 0). This approach will be demonstrated by means of the asym-
metric thin-walled T-shaped cross-section shown in Fig. 5. With the given dimen-
sions and the origin of the coordinate axes in the centroid of the cross-section, I, =
34.56 x 10°mm”*, 1. = 16.128 X 10°mm* and /,., = —6.912 x 10°mm".

A fictitious bending moment is taken, M,, corresponding to the applied shear force,
which leads to a normal stress distribution as:

o"(y,z)=M,{(135.6 x 10 mm™)y+(316.5x 10 mm ™)z} (23)

so that for the neutral axis it is found that z = —3y/7. The normal stress distribution
and neutral axis are plotted in Fig. 5. The relevant points of the shear stress diagram
are designated A-E in Fig. 5.

At points A, C and D, the shear stress equals zero. Since the neutral axis cuts the
cross-section at point A, the slope of the shear stress diagram is zero at A (note that
the normal stress is proportional to the derivative of the shear stress). The shear
stress has a non-zero slope at C and D.
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Fig. 5. T-shape example: geometry (left) and normal stress distribution expressed in terms
of My X 10°mm™ (right); neutral axis is indicated with dashed line.

The shear stress at E can be found by integrating the normal stress from D to E
(which implies a positive m direction from D to E), such that:

RY  (5425%x M, x10°mm™)x171mm x 12 mm

M M

y

=5.566 x10"mm™" (24)

Then, the shear stress at point E can be elaborated as:

Ry vV 55300N
Typ =————==-5.566 10" mm ' x ———— =-25.6N/mm’ (25)
M b'* 12mm
where the negative sign indicates that the shear stress acts in the negative m direc-
tion, i.e. in the positive z direction. In a similar manner, the shear stress in the web
at point B is found via:

Ry  1{(5.425-2.170)x M, x 10°mm~} X 240 mm x 12 mm

M M,

=4.687 <10 mm™ (26)

Tom =—4.687 x10mm™" x 39300N —-21.6N/mm? 27)
12mm

For the left part of the flange, the normal stress diagram between A and B is con-
sidered, so that:

Ry 1(=2.170 x M, x 10°mm~) x 160 mm x 12 mm
M M

y

=-2.083 %107 mm"™" (28)
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Fig. 6. T-shape example: shear stress distribution in N/mm’; neutral axis is indicated with
dashed line; dotted line denotes the continuation of shear stress from AB to BC.

55300N
X—

Tow =—(—2.083 x10°mm™)
12mm

=9.6N/mm? (29)
where the positive sign indicates that the shear stress acts in the positive m direc-
tion (from A to B), i.e. in the negative y direction for this part of the flange. For the
right part of the flange, the normal stress distribution between C and B leads to:

Ry  4{(-3.255-2.170)x M, x 10°mm*} x 80 mm x 12mm

M M

y

=-2.604 X107 mm™" (30)

« 55300N
12mm

Ton =—(~2.604 x 10 mm™") =12.0N/mm? 31
where the positive sign indicates that the shear stress acts in the positive m direc-
tion (from C to B), which is now in the positive y direction. In Fig. 6 the complete
shear stress diagram is plotted. It can be verified that the total shear flow towards B
equals the total shear flow from B. The dotted line in Fig. 6 denotes a fictitious shear
stress distribution without discontinuity in B, i.e. a continuation of the parabolic dis-
tribution in AB. The actual shear stress distribution in BC is found by translating
this fictitious distribution over 21.6 N/mm?®.

Note that the determination of shear stresses in arbitrary thin-walled tubes requires
that an axial cut is made in the cross-section, after which the shear stress is deter-
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Fig. 7. Thick-walled example: geometry (left) and normal stress distribution (right);
triangular portion with dimensions p and q.

mined for the open cross-section and shear deformation due to torques is applied to
calculate the shear stresses in the original tubular cross-section. The problem state-
ment for the opened cross-section is similar to that of a non-tubular cross-section;
therefore, shear stress distributions in tubular cross-sections can also be computed
efficiently with the newly proposed formula.

Shear flow in a thick-walled section

Although possible applications will probably concentrate on thin-walled structures,
it is emphasized that equation 15 is valid for thin-walled structures as well as for
thick-walled structures, while equation 16 holds for thick-walled structures in an
approximate sense. Below, the shear flow along skew sections in a rectangular
section is analysed. Based on the shear flow, the shear stress can be estimated by
assuming a constant distribution.

In Fig. 7, a rectangular cross-section is plotted with a vertical shear force, V.. The
normal stress distribution due to a fictitious bending moment, M, is also given,
whereby the extreme values are denoted as o. A triangular portion of the cross-
section is considered, with base ¢ and height p (see Fig. 7). The value of the normal
stress at the centroid of the triangle is denoted as Og; it can be verified that:
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b

Fig. 8. Thick-walled example: geometry (left) and normal stress distribution (right);
triangular portion with dimensions +h and +b.

th-ip___3h-2p

Oc=-0 =— 32
‘ h 3h (32)
Since Ry = $pg X oc and M = +bh’0, for the shear flow it follows that:
Ry LI pgo 1
s§a>:_ivz:_21pq2CVZ:—(3—2£)£1\4 (33)
M Thiio © h h)nb

In particular, if p = h and g = b, then 5 = V./h.

This result can be used to verify the shear flow on the triangular cross-section

shown in Fig. 8. Here, it holds that o, = +0; therefore R}y = %;bho, and
R _dibho V- V.

KLM: s =-—-V = —V,=——
M tbh’c 4h

(34)

This is the total shear flow acting on the shaded portion of the cross-section, corre-
sponding to the horizontal cut KL as well as to the diagonal cut LM. The negative
sign indicates that this shear flow is directed in the negative x direction (cf. Fig. 2).
It is well known that the maximum shear stress, 7, in a rectangular thick-walled
section equals 3% and that it occurs along the y axis of this cross-section. There-

fore, the shear flow along KL (cf. Fig. 9) is:
3V, 1 3V,
2y p= z

KL: s = X—b=—""*
26k 2 4h

(33)
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Fig. 9. Thick-walled example: shear flow along cuts KL and LM.

Comparing equations 34 and 35, for cut LM it is found that:

LM: s =+ﬁ (36)
4h
where the positive sign indicates that the shear flow along LM is directed in the pos-
itive x direction. Indeed, the shear flow found for LM is half the shear flow found
with equation 33, taking p = h and g = b.

To show that the same theoretical framework can also be used without reference
to the principal coordinates, the same rectangular cross-section is considered with a
shear force that is oriented along a diagonal of the cross-section (Fig. 10). The
normal stress is given by equation 6, by which it can be verified that the neutral axis
is directed along the other diagonal of the cross-section. To link the (fictitious)
bending moment M to the normal stress, it must be realized that the three-
dimensional normal stress diagram of the cross-section consists of two tetrahedrons,
one corresponding to the tensile stresses and one corresponding to the compressive
stresses. For the volume of a tetrahedron it holds that:

1 1 1 1
volume tetrahedron = 3 % base X height = 3 X Ebh X0 = gbhO‘ 37

Furthermore, the centroid of a tetrahedron is located a quarter of the distance from
a vertex to the centroid of the opposite face. Thus, the two centroids (one for the
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Fig. 10. Thick-walled example with inclined shear force; neutral axis indicated with
dashed line.

tensile stress, one for the compressive stress) are located at (y, z) = (b, +h) and
(y, 2) = (=+b, —%h), respectively. The distance between the centroids of the two
tetrahedrons is then given by ++h*+b?. Now the bending moment, M, can be
expressed as:

1
M = volume tetrahedron X distance between centroids = Ebho«/ h? +b? (38)

Next, the lower half of the cross-section (see Fig. 10, right) will be considered to
compute the shear flow. The bending stress resultant on this portion is given by:

1
R = Ebh X O¢ (39)

where oc = +0. Thus,

(a) 1
w_ R gbho 3
s =——

V=- V=- \%
M & bhovh? +b? 2 h? +b?
Since the vertical component of V can be expressed as V, = Vh/ Vh? +p?, the well
known expression
S(a) — _é&
* 2 h

(40)

(41)

is obtained.
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Conclusion

In this contribution, an alternative formula has been proposed, derived and illus-
trated to compute shear flows and shear stresses in prismatic beams of arbitrary
cross-section. The transformation to principal coordinates is completely avoided. In
contrast to the traditional formulas, which take a simple format for principal coor-
dinates and a complicated format for non-principal coordinates, in the proposed
approach the same simple formula can be used for principal and non-principal coor-
dinates. Furthermore, in the proposed formulas the computation of shear stresses is
closely linked to the underlying derivation of the shear formulas, and therefore
insight is increased. As a trade-off, a normal stress distribution must be computed
before the shear stresses can be determined. However, since in engineering practice
normally both normal stresses and shear stresses must be known, this disadvantage
of the proposed approach is not considered significant.

The normal stress distribution required in the proposed formula should be based
on a bending moment that acts in the same plane as the applied shear force. However,
this bending moment does not have to be the actual bending moment; any fictitious
bending moment that acts in the plane of the shear force can be used.

By means of examples, the versatility of the proposed formula and its easy use
in practical situations have been demonstrated.
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