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Abstract The method of local Cartesian coordinates introduced in the first of a series of three
articles on curvilinear coordinates is applied in this second article to some problems of solid
mechanics. Additionally, the principle of virtual work is combined with the geometry and the
kinematics produced by the method of local Cartesian coordinates to generate appropriate equilibrium
equations.
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Introduction

A systematic method to produce expressions needed in physics and valid in curvi-
linear orthogonal coordinates was introduced in the first part [1] of a series of
three articles on curvilinear coordinates. In brief, the idea explained in that first
article is to employ a local Cartesian coordinate system or frame as a temporary
tool to be used to advantage in curved geometries. First, as the frame is the famil-
iar Cartesian one, the relevant expressions in a problem can be found in a simple
way. The orientation of the frame at a given point can be selected at will, so
that maximum benefit from the geometry of the problem is gained. Then, using
the systematic steps described [1], the associated formulas in the curvilinear
orthogonal coordinates emerge. The method is designed to faciliate the understand-
ing of manipulations in curvilinear coordinates without the need of tensor analy-
sis. It is also intended to replace in some measure the use of complicated
differential geometry figures often used in textbooks. Though in simple cases these
figures can be very useful, in complicated curved situations they may leave
the student rather unsure about the correctness of the results. Further, in non-
linear cases the use of differential geometry figures is, in our opinion, almost
hopeless.

In pure mathematics applications, one can always question the idea of deviating
from the conventional derivations — for instance Arfken [2] — of the expressions
for gradient, divergence, etc. In this second part of the series, the method of local
Cartesian coordinates is applied to some problems of solid mechanics and specifi-
cally to the curved Timoshenko beam. Here, at least, we feel that the method has
considerable value in teaching the subject.
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Strains, general

The displacement field u has three alternative representations (cf. equation 18 in
Paavola and Salonen [1]):

u=ui+vj
=Ux€yx +uyey
=UyCy +Mﬁeﬁ (1)

where i, j, ey, ey and e, eg are unit vectors of a global Cartesian, a local Cartesian
and a curvilinear coordinate systems, respectively. The well known expressions for
small strain components in Cartesian coordinates are given, for example, by
Timoshenko Goodier [3, p. 6]:

L
X ax
s
y ay
du v
Yy =$+B_x ()

If tensor notation is used, the shearing strain expression contains additionally the
factor %. In the local system we have:

X dX
g = dlr _ou
"Toy oy
Juy Jduy OJu Ju
Yxyr = xt ey 3)

Tov Tox Toar T ox

The dot product formulas following the familiar ones are obtained similarly to the
expressions (21) in Paavola and Salonen [1]. Thus, at the local origin:

Eq =& —ia—ue
oa = X_ha aa a
Eg =& _La_ue
B~ Y_hﬂ aﬁ B
1 ou 1 ou
= =——.a+——. 4
Yop =V xy g aBe I, da (] 4)

Essentially this type of expression can be found also in Morley [4, p. 214]. The
calculations proceed in the same way as, say, when evaluating the divergence in
Paavola and Salonen [1] — the last form of (1) is substituted — and we just give the
final results:
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In the polar coordinate case:

u=ue, +ugey (6)

and we have directly:
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Usually [e.g. 3, p. 65], these results are obtained from some rather awkward differ-
ential geometry figures.
The large strain expressions e.g. [5, p. 435] present no theoretical difficulties:

g O Lifou) (av)
Tox o 2|\ox ox

2 (2]
’ ay 2\ 9y dy
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There are obtained first
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X ox ox
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N n'Y

Fig. 1 Curved beam.
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Strains, curved beam

A curved plane beam is considered using the notation of Fig. 1. The curved axis of
the beam is taken to be an ¢-coordinate line and on this line o is here associated
with the arc length s. The B-coordinate lines are straight and 8 = n, where n is the
perpendicular distance from the beam axis. The direction of coordinate n is 90°
clockwise from the positive direction of s.

The purpose is to derive the expressions for the strains according to the assump-
tions of beam theory. In this application the method of local Cartesian coordinates
proves to be very powerful.

The position vector of point P is

r(s,n) =ry(s)+ne,(s) (11)

From curve theory, dry/ds = e, and from the well known Frenet formulae [e.g. 6, p.
273]:
de, 1 de, 1

=——€,, =€ (12)
ds R ds R

The curvature 1/R of the beam axis is here positive if the centre of curvature is on
the negative side of the n-axis.
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Differentiation of expression (11) gives thus

or dr, de, e, ( n)
—=—+n——=e,+n—=|1+— e,

ds ds ds R R
or
—=e, 13
5, ¢ (13)
The scale factors are
or n or
hy=|—|=1+—, h,=|—=1 14
" |os R on (14
At the local origin, according to formulas (12) and (13) in Paavola and Salonen [1]:
ex=e,, ey=e, as)
and
0 ( n )] 0 d d
—=1l+—=| —, —=— 16
oX R/ ds° dY on (16)

We take here the small displacement assumption according to Timoshenko’s beam
theory [e.g. 5, p. 322], where plane sections remain plane but not necessarily per-
pendicular to the beam axis after deformation. This gives for point P:

u(s,n) =u.e, +u,e, =[u(s)—no(s)le,(s)+vis)e,(s) 17

Quantities u and v are the displacement components of the origin 0 of the cross-
section in the s- and n-directions, respectively, and 0 is the rotation (positive clock-
wise) of the cross-section.

The relevant strain components in beam theory are (see expressions (3))

ou ( n)"lau
E=Ex==—gex=|1+—| —e

0X R) o0s

u ou ou n\" ou
sn = =3 S+ =3 € I+— =S On 18
Yoo = Vo = oy T ox e an”( R) 95 ¢ 1%

The derivatives

ou (du dO e, dv e,
—=|—-n—le,+u—nb)| — |[+—e, +v—
ds ds ds R/ ds R
Ju
— =—0e, 19
o (19)

and substitution in (18) gives

( n)l(du do v)
g=|1+—| | ——n—+—
R ds ds R
—(1+ﬂj_l(—”_”9+9)—e 20
T =0T R R ds 20)
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To derive these exact results by some differential geometry-type figures is, in our
opinion, practically impossible.

In the Bernoulli—Euler theory, it is assumed that the shear strain is zero. The latter
expression in (20) can be put in the following form:

n\'(dv u
re=(1+3) (&%) .

By demanding ¥, = 0, we obtain the constraint:

dv u
__Z 22
ds R 2)
Substitution of (22) into the first part of (20) gives the Bernoulli-Euler beam strain
expression:

( ) du (dz du/ds u dR) v
1+— -t |+
R) |ds "\ds? R R*ds) R

-1 2
:%+(1+£j z_ ( u2 dR+d ) (23)
ds R R R* ds ds®

The expressions obtained can be approximated for shallow beams by developing
them in truncated power series in n/R.

General equilibrium equations

The general form of stress equilibrium equations for a continuum is given by
Malvern [7, p. 215] as:

divo+f=0 (24)

where o is the Cauchy stress tensor and f the body force vector intensity (per
volume). It should be noted that we consider the equations in this article to be
described in Lagrangian (material) coordinates, as is usual in solid mechanics [7, p.
138]. Equation (24) is in fact exact only in Eulerian (spatial) coordinates but, as is
well known, can be used as a valid approximation as such in the small displacement
theory considering the coordinates as material ones. Using dyadic representation we
have in Cartesian coordinates:

d )
dive = [; Py j— 5 )(oxii + Toif + T, ji +0,jj) (25)
where o,, 0, and 7,, = T,, are the stress components. This transforms to:
. 8 1 d
divo = e, E e €s— hﬁ aﬂ (Gaeaea + Top€alp + T g€ peu + O-ﬂeﬁeﬁ) (26)

for curvilinear coordinates. A rather long manipulation finally gives the
equations:
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L2 oh, ok
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o J oh h,
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Equation (24), however, is clearly not a suitable starting point for basic courses. The
equation itself is probably not familiar and the manipulations needed are rather
tedious. The principle of virtual work gives an alternative way to produce the equi-
librium equations.

The principle of virtual work has a central role in teaching structural mechanics.
It can be employed in analytical applications but it also forms the starting point for
numerical methods, especially the finite element method. It is thus a unifying prin-
ciple and so should be clearly understood by the student. It is well known that the
method can be used to derive equilibrium equations in a systematic way [e.g. 8].
Here this idea is employed in connection with the method of local Cartesian coor-
dinates. The resulting general formulas are unavoidably rather complicated. They
are given here for completeness but, again, it is stressed that for teaching purposes
there is usually no need to operate with these general expressions, as in specific
applications the formulas needed can be obtained more easily directly.

The principle of virtual work can be expressed [e.g. 9, p. 230] as:

W +8W° =0 (28)

Here, for a two-dimensional continuum (with small strains), the virtual work of inter-
nal forces is:

= —j (0.0¢, +0,8e, + 7,0y, )dA (29)
A

and the virtual work of external forces, correspondingly, is:
j(f5u+fv dA+_[t5u+z5v)ds (30)

The virtual strains and displacements are related by (see (2) and use the commu-
tative law between variation and differentiation):

dou
% =0
dov
68y = g
P ddu N aov
Yo =9y Fox G

Boundary s, is that part of the total boundary where the traction components ¢, and
t, are given.
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The integrands in (29) and (30) are, because of their physical meaning, invariants
with respect to coordinate transformations. Thus we can write immediately the
relations:

0.0¢, +0,0¢, +7,,0¢,, =0 x0€x + OyOEy + TxyOY xy

=040, +00E5 +Ty0Y op

feOu+ f,0v = fxux + fyOuy = fouq + fzoug

t.0u+1,6v = tyOuy +tyOuy = to0Uy +150up (32)

The principle of virtual work (28) in curvilinear coordinates now obtains the form:

—I(Ga5£a +0 505 + TaBSyaﬁ)dA + J(faéua + fﬁéuﬁ)dA
A A

+J.(ta5ua + tﬂ&tﬁ)ds =0

(33)
where, from (5):
iy
Ty
Yop = Zﬁ ai [%}Zf%(%) (34)

The expression for the internal virtual work is manipulated further, with dA =
hohpdodf:

851413 51,[[1 ahﬂ
B T o

0
0 (8 21(%)
+raﬁ|:hﬁaa[hﬁ ]”‘“aﬁ I dodf
| oloe) o Aheos) o AkiTas) ity A(hiTap) Sue
_J[ Y Oy, + 3B Oug + o EJF op E

o.p
oh, o,
— $Ga5uﬁ - £0ﬂ5ua :|dadﬂ
Oug n O,
—J[ Gahﬁ&ta h Gﬁh 511!; hﬁ ﬁhﬁ hﬁ ha Taﬁhé ha ]ds (35)
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Integration by parts formulas (42) in Paavola and Salonen [1] have been applied to
free the derivatives operating on the virtual displacement components. Equation (33)
now becomes:

d d oh
J’ {|:£(hﬁ0'a) h aﬁ (h2 ap) a(xﬂ O-ﬁ +hahﬂfa:|5ua +

o.B
d 19 h,
{aﬁ(h op)+ o 30 — (n3Tp) - 35 LGyt hy hﬁfﬁ}auﬁ}dadm

H[t“ —N,0 o —NgTa, ]&ta + [t,, —ng0p5— naraﬁ]5uﬁ}ds =0 (36)

St

Kinematically admissible virtual displacements have been used, so that du, = 0,
dug = 0 on the part s\s, of the boundary where the displacements are given. As the
virtual displacements are arbitrary, the terms in brackets in (36) must separately
vanish. This gives the stress equilibrium equations (27) — in a slightly modified form
— and, in addition, on the boundary, the traction—stress relations:

ty, =Nny0y +nﬁ1aﬁ

The equivalents of (33) and (34) in polar coordinates are:

~[(0.8€, +040e + 7,007, )dA
A

+[ (f,6u, + fadutg )AA + [ (1,80, + 1405 )ds = 0 (38)
A St
oou,
% =5,
1 odu,
O¢q = 7(5 26 j
dou, d0uy
5’}/r9 ( ae —5M9)+ ar (39)

Equation (38) obtains with dA = rdrd@ first in the form:

_I { " + 0y [514, + 00y j + T,g(% - 5u9j + 77,9 Bg'ug }drdO
r,0 r

a0 00
+I (rf,0u, + rfybug)drd@ + '[ (t,0u, + tgOug)ds =0 (40)
r,0

St

International Journal of Mechanical Engineering Education 32/1



10 J. Paavola and E.-M. Salonen

Application of formulas (44) in Paavola and Salonen [1] gives, further:

Jg{{%—oe +aar—é9+rﬁ}5u, +{a§; + T, +¥+rfg}6u9}drd9+

J‘{[f, —no, — }’lgT,g]SM, + [tg —ngOg — an,Q]SMQ}dS =0 (41)

The equilibrium equations are thus — after some minor development:

Jo, +l 07,6 N O, —0g

+f=0
or r 00 r f
100y 0T, 2T,
— + + +f6=0 42
r 96 90 Jo “2)
t,=n,0,+nyT.y
to =ng + 1,7, (43)

Concluding remarks

The equilibrium equations for the curved beam employing stress resultants can be
obtained similarly as above, using the principle of virtual work, but for lack of space
the derivations are not given here. Further, it is not difficult to include the effect of
inertia forces to derive the corresponding equations in dynamics. In solid mechan-
ics, the curved beam is useful as a didactic step towards full shell equations, which
can be formulated quite nicely with the help of the method of local Cartesian coor-
dinates [10].
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