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Abstract The inaccessibility of commercial software has necessitated the development of low-cost,
general-purpose finite element method (FEM) computer programs for structural analysis. Using the FEM
program, the elastic, elastic-plastic, residual and service stresses and displacements in a closed
ended, thick-walled cylinder under internal pressure were established. The displacement formulation
was implemented and eight-noded brick isoparametric elements chosen. The frontal solution technique
and the incremental theory of plasticity were used, as only limited computing facilities were available.
The results were found to be in very good agreement with the through-thickness analytical values. The
benefits of autofrettage were demonstrated and an optimum overstrain of 16% established for a
cylinder with a thickness ratio of 2. The material economy achieved through autofrettage and the
limitations imposed are illustrated. The FEM program could therefore be reliably used for other complex
geometries and load conditions.
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Notation

FEM finite element method

G modulus of rigidity

H tangent modulus

1, first stress invariant

Ys yield stress

& effective strain

c effective stress

o; principal stress components
T shear stress components

Introduction

Pressure vessels are now widely used in nuclear power plants for steam and power
generation [1]. Other pressure vessel applications may involve pressures as high as
1380 MPa and temperatures of up to 300 °C, resulting in the pressure vessel mater-
ial holding immense potential energy exerted by the working fluid [2]. The process
fluid may also be a source of hydrogen embrittlement and/or stress corrosion crack-
ing [3]. Such high-pressure vessels require proper understanding of the stress levels
and their distributions in order to have fail-safe designs or even to minimize the
probability of disruptive failures. Past pressure vessel catastrophic failures, arising
from lack of understanding of stress levels, material properties and fluid/structure
environmental interactions, particularly early in the last century [4-6], were very
expensive in terms of losses in materials and human life, and they were the main
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impetus for the early studies of stresses in cylinders of various materials [7]. Later
on, the stress distribution in critical sections and metallurgical failure aspects were
given more emphasis.

High-pressure vessels are now of great importance in many industries [1] and their
economic use often depends upon the occurrence of small, controlled, permanent
deformations. Before commissioning, pressure vessels are normally pressure tested
at an overstrain pressure of 1.25—1.5 times the design pressure [8,9] in order to test
for leakages. This process results in yielding of the bore and may also advanta-
geously lead to catastrophic failure for poorly designed or fabricated vessels. Vessels
with brittle characteristics may also fail at this stage. After overstraining, residual
stresses are left in the cylinder and the nature of these residual stresses is now widely
known. However, the residual stress levels are not documented for use in service or
during de-rating after periodic inspections. In service, the vessels are able to carry
a much higher load before re-yielding than would be the case without the leak test.
Overstraining beyond the leak test pressure is usually carried out during manufac-
ture [10] and this technique is called autofrettage or self-hooping.

The first aim of this work is to develop a finite element method (FEM) computer
program to determine the elastic, elastic-plastic, residual and service stresses
in a thick-walled cylinder for various overstrains and compare them with analytical
results. It is useful to note that commercial FEM packages are not readily
available to the authors of this work due to the high costs involved, and locally
developed programs are the only solution for serious research. The second aim is
to determine an optimum level of overstrain and to quantify the advantages of
autofrettage.

Literature review

Elastic-plastic stresses

The need to reduce pressure vessel material costs led to various studies on the burst-
ing strength of cylinders as a basis of design [11-14] and various formulae were
proposed [15,16]. This was due to the realization that elastic service designs did not
fully utilize the pressure-carrying potential of the pressure vessel materials. High
pressures and temperatures required high-strength thick sections, which were later
found to be weak in resisting crack propagation, while thinner sections had better
fracture toughness properties [10]. Advances in technology and the interest in
the limit state design therefore made the inclusion of non-linear effects such as the
elastic-plastic behaviour desirable in the analysis and design of many structures. To
subject the pressure vessel to elastic-plastic stress conditions it was necessary first
to establish the relevant constitutive stress—strain laws [17-20].

A stiffness method for elastic-plastic problems which enabled the equilibrium
equations to be expressed in terms of displacements was developed [21]. The use of
stiffness coefficients removed the need to trace the expansion of the elastic-plastic
boundary during the actual solution of the governing differential equations. The
change of slope of the stress—strain diagram at yield and the non-linearity of the
problem were found to prevent elastic-plastic problems from being solved by a
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closed form analysis. A technique was proposed for dealing with this problem, based
on an estimate of the strains that would be caused by the next increment of load.
The method was found to work for closed ended tubes under internal pressure,
though it was not suitable for the analysis of perfectly plastic materials or materials
with very small strain hardening exponents.

The plastic stress—strain matrix derivable by inverting the Pradtl-Reuss equations
in the plasticity theory was proposed in the solution of continuum elastic-plastic
problems using the FEM [22]. The method uses the small and varying increments
of load just sufficient to cause yield in the successive elements and the following
plastic stress—strain constitutive equation was developed:
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The effect of the yield stress and the strain hardening exponent of the material on
the stress and strain levels was studied in a bore expanding test using the incremental
theory of plasticity [23]. By considering that the effective stress is given by the
equation:

G =Y +Ce" 5)
and that:
G~Ce" ©6)

where o is the effective stress, " is the effective strain, C is a material constant and
n is a strain hardening exponent, the indeterminacy of the initial conditions were
eliminated by the use of the above approximation.

Finite size deformations, as found in elastic-plastic metal forming problems, have
been found to introduce numerical instability in FEM analysis. However, this has
been overcome by modifying the stiffness formulation by means of the mean normal
technique [24]. A FEM variational technique that allows considerably larger loading
steps in the load increment method of elastic-plastic analysis without deviating from
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its non-linear load—deformation relationship has been developed [25]. The method
was found to result in a 240% improvement in computational efficiency and a sub-
stantial reduction in the number of load steps. The applicability of the isoparamet-
ric elements and the order of computation times involved have also been studied for
three-dimensional FEM elastic-plastic problems [26]. The conventional FEM has
been found to be weak in predicting surface stresses, where phenomena of interest
usually occur. However, improved results have been obtained by careful modifica-
tion of the surface element shape functions [27-29]. Current FEM practitioners use
commercial software and may not have the intricate, detailed knowledge of the FEM,
particularly in elastic-plastic analysis.

Residual stresses

The determination of residual stresses is important in fracture analysis and fatigue
life estimation and in the assessment of shakedown in elastic-plastic structures.
Various solutions in considerable disagreement have been obtained by considering
different mathematical methods, end conditions and material models. Different
assumptions for the material properties, such as compressibility, yield criteria, flow
rule, hardening rule and Bauschinger effect [30], have also produced differing
results.

The theory of autofrettage and the distribution of residual stresses in strain hard-
ening materials for open cylinders have been well described [31] and the von Mises
theory has been found to be more realistic in accounting for end conditions. The
optimum overstrain has been defined as the maximum overstrain that does not result
in reverse yielding and that is associated with the greatest amount of elastic stress
release. Another definition of the optimum overstrain is that which minimizes the
maximum effective service stress for a given service pressure [32]. For a cylinder
with a thickness ratio of 2 and a service pressure of 200 MPa, the optimum over-
strain was found to be 20%. For a service pressure of 500 MPa, the optimum over-
strain was found to be 40%. An optimum overstrain radius equal to the geometric
mean radius, (R:R,)*’, has been proposed for medium-strength steels. For high-
strength steels, the optimum overstrain is slightly less [33]. A definition of the
optimum overstrain based on the material economy and considering reverse yield-
ing would be more appropriate.

A material removal method for measuring the level of overstrain in a thick-walled
cylinder involving the axisymmetric release of the stresses by introducing radial cuts
in the cylinder has been proposed [34,35]. The experimental method yielded a simple
empirical relation which enabled determination of the overstrain from measurements
of released strain. A method of estimating residual stresses by use of two FEM analy-
ses has been proposed, but is applicable only to local regions of interest, such as
notches [36]. The hole-drilling destructive procedure has been widely used for eval-
uating residual stresses [37]. Other material-removal methods coupled with FEM
reconstruction procedures have been developed [38]. For plain cylinders, it has been
established that the residual stress distributions may be obtained by thermal load
simulation [39]. The selection of service pressures after autofrettage has not been
well addressed, though it is very important.
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Fig. 1 Discretization of plain cylinder.

Methodology

A FEM computer program in FORTRAN code, having elastic and elastic-plastic
capabilities, was developed to carry out the pre-processing, processing and post-
processing procedures. The pressure vessel material was a high-strength SA-372
steel, which has a yield stress of 450 N/mm?, a Poisson’s ratio of 0.29 and a Young’s
modulus of 209e3 N/mm? [40]. Due to symmetry, the cylinder was modelled and
discretized as shown in Fig. 1. The geometrical inputs for complete description of
the geometry were the inner radius (75 mm), outer radius (150 mm), length of cylin-
der (9 times the cylinder thickness), geometrical ratio of nodal spacing in the radial
direction (1.15), number of elements along arc AD (20), number of elements in the
radial direction (21) and number of elements in the axial direction (8). The internal
pressure (162 N/mm?) and required overstrain were input. The discretization resulted
in a structure with 4158 nodes, 3360 elements, 12474 degrees of freedom and a
frontal width of 1458. The number of global stiffness matrix coefficients was there-
fore reduced by 98.6%. Only 1.4% of the potential computer memory requirements
was to be utilized, leading to efficient solutions. This semiautomatic pre-processor
program generated the Cartesian global nodal coordinates, the global connectivity
matrix and nodal arrays of interest.

The processor generated the element destination matrix, the nodal destination
vector and the frontal width. The displacement formulation was considered, due to
the relative ease of writing the associated computer program codes. The eight-noded
isoparametric element with eight Gauss points, shown in Fig. 2, was chosen because
it results in simplified numerical integration procedures when generating the stiff-
ness matrices and is very accurate, particularly for simple geometries. A serendip-
ity family of element shape functions satisfying the Lagragian interpolation function
requirements were chosen, since they are easily generated. In the elastic-plastic
analysis, the material was assumed to have an elastic, perfectly plastic stress—strain
curve and to obey the von Mises yield criterion. The incremental theory of plastic-
ity [22] using the plastic stress—strain constitutive matrix (equations 1 and 2) was
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Fig. 2 Eight-noded brick element.

adopted. To obtain the displacements, Gauss point strains and stresses, the frontal
solution technique [41-43] generated in this work was employed. Stress projection
and nodal averaging followed by tensor transformation [44] were employed to obtain
stress curves in the cylindrical coordinate system for the nodal arrays. Due to the
accuracy of stress results, stress smoothing was found to be unnecessary.

The elastic analysis [45] was carried out using an internal pressure which would
result only in elastic stresses. To proceed with elastic-plastic analysis [41], the
maximum element effective stress, 0., was obtained and all the element stresses,
Y,

max

o
effective stress satisfying the condition og; > 0.95Y5 was considered to have yielded
Y,
O
stored. A small value of internal pressure equal to 0.1 N/mm? was applied and the
analysis cycle repeated until the required overstrain. To obtain residual stresses, a
negative internal pressure equal to the overstrain pressure was applied. To obtain the
service stresses, an internal pressure less than the overstrain pressure was applied.
To obtain material economy, the outer or bore radius of a cylinder having the same
bore or outer radius and an incipient yield pressure equal to the overstrain pressure
was determined. Various overstrains were considered. The overstrain resulting in the

maximum material economy was considered to be the optimum.

In the elastic-plastic analysis, the Pradtl-Reuss flow rule [22] was found adequate,
though Nadai’s deformation theory [46] has also been shown to provide rapid
iterative convergence. The matching of this later method with the frontal solution
technique was found cumbersome to program. The load increment method [22]
adopted in this work, though slower than other iterative schemes [47-49], is very
suitable when there is a need to have many elements while the computer memory
is limited (as in this work).

strains and displacements were raised by the factor of . Any element with an

and its parameters were raised by the factor of . The element parameters were
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Fig. 3 Elastic stresses.

Results and discussion

Elastic response

The elastic stress distributions for both the analytical and FEM analysis are shown
in Fig. 3. The curves are almost identical, confirming that in the elastic range the
FEM analysis adopted is very accurate. At the cylinder bore, the percentage error in
hoop stress is 1.109%. The stress curves reveal that there is a slight discrepancy in
the FEM and analytical values of stress at the outside and inside surfaces of the
cylinder for the hoop and radial stresses. This discrepancy is attributed to the weak-
ness of conventional FEM in predicting surface stresses. This weakness has been
addressed but not completely resolved by previous research [27-29]. In this work,
the error in hoop stress at the bore is very small, whereas at the outside surface,
which is not a critical point, the error did not justify further effort to improve the
stress values. For points inside the material, the FEM results are very accurate.
Higher geometric ratios gave more accurate results at the bore due to the finer mesh
but reduced the accuracy on the outside. The geometric ratio of 1.15 was found to
give the best results. The error phenomenon does not arise in the axial stress and
this is attributed to lack of stress gradients in that direction. Fig. 4 shows the corre-
sponding elastic displacements for FEM and analytical techniques and the results
are almost identical.

Overstrain stresses
At 51% overstrain, the internal pressure applied was 327 N/mm?” and the overstrain
radius was 113 mm. Fig. 5 shows the effect of the 46 loading increments performed
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Fig. 5 Applied pressure vs. load cycles for 51% overstrain.
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Fig. 6 Typical element overstrain stresses for 51% overstrain.

before the overstrain was attained. Six linear service increments were subsequently
performed before re-yield. A staircase pattern is noticeable in the loading increments.
This is because concentric elements will yield at around the same pressure. For less
accurate work, the number of load increments could be reduced to the number of
stair steps (25). This would greatly reduce the processing time and serves to demon-
strate the expensive nature of the FEM. By using the modified yield condition
method [22], only 3% of the potential processing time was used. This translates to
a saving of 97% in time and expenses.

The variations of stresses in a typical element adjacent to the bore with the load
increments for 51% overstrain are shown in Fig. 6. Beyond the yield point of the
element, the hoop and radial stresses decrease as the internal pressure is increased.
Upon offloading, negative residual stresses are evident. These stresses become
positive upon further loading for the typical element. The radial stress increases
numerically as the internal pressure is increased. The stress progression results for
the typical element help in understanding the global response for elastic-plastic
analysis.

Fig. 7 shows a comparison of the FEM and analytical solutions of the overstrain
stresses for 51% overstrain. The results show that the FEM model adopted is accu-
rate and reliable. The discrepancy at the outer surface is as discussed earlier. The
overstrain axial stress distribution shows a 2% discrepancy over the elastic zone.
This increases significantly as the plastic cylinder bore is approached but has no sig-
nificant effect on the hoop and radial stresses. The intersection of the two curves is
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Fig. 7 Overstrain stresses for 51% overstrain.

not surprising, recalling that the FEM analysis gives an upper bound solution to the
stiffness matrix and hence a lower bound to the stress solutions. The axial stress was
found to be very sensitive to the discretization in the axial direction. A refined mesh
in this direction was found to give more accurate results if the cylinder length was
less than the wall thickness. However, practical analysis requires an infinite cylin-
der length and the results presented were a compromise between the two require-
ments. In most of the previous research work done in this area, the axial stress is
seldom discussed, the reason being that it is a median stress and hence not the most
critical. However, its influence on the effective stress should not be underestimated.

The nodal radial displacements for varying overstrains are shown in Fig. 8. The
increase in displacements is most rapid at the bore. Whereas large overstrains may
provide desirable stress distributions, they may also give rise to undesirable gross
deformations during the overstraining process. Overstraining would also be detri-
mental in the presence of cracks at the bore. In this work, gross deformation was
detected by a negative slope of the effective stress—strain curve as the analysis
proceeded. Analysis of the 51% overstrain displacement curve shows element
radial strains of 0.476% for the bore element and 0.068% for the outside radius
element. This gives a strain ratio of 7, compared with a strain ratio of 5 in the elastic
analysis.

Figs 9-12 show the overstrain stresses for varying degrees of overstrain. As the
overstrain increases, the hoop and axial stresses at the bore increase in the negative
sense and have a maximum value at the overstrain radius. For the cylinder geome-
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Fig. 10  Overstrain hoop stresses for varying overstrains.

try and material selected, it is then possible to make a fair estimate of the stress
levels at intermediate overstrains.

Residual stresses
The residual stress results for 51% overstrain are shown in Fig. 13. The FEM results
are very accurate for hoop and radial stresses. It is clear that the residual stress dis-
tribution is favourable, particularly with regard to the hoop stress, which is negative
at the bore. The offloading was envisaged as a reversed linear loading by an amount
equal to the last overstrain pressure of 327 N/mm?” Some authors [22,50] describe
the unloading path as being composed of a number of steps, while in this work the
unloading was done in one linear step. In practice, the offloading has to be done in
a number of steps in order to avoid collapse, especially for high overstrains.

The effective residual stresses for varying overstrains are shown in Fig. 14.
Reverse yielding does not occur and, for each overstrain, the effective residual stress
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Fig. 15 Service stresses for 51% overstrain and a service pressure of 197 N/mm’.

curves have a minimum, but not at the respective overstrain radii. Overstraining
should be so designed that reverse yielding due to residual stresses is avoided.

Service stresses

Fig. 15 shows the distribution of the service stresses with the applied pressure being
equal to 197 N/mm?®. The stresses at the bore are all negative and the maximum hoop
stress occurs at the overstrain radius. Indeed, this is the major advantage of aut-
ofrettage. Below certain service pressures, it is then possible to have the bore
permanently under compressive stresses. Should any crack have occurred at the bore,
then it is always closed in service and its chances of propagation are greatly mini-
mized. The maximum hoop stress of 275 N/mm? occurs at the overstrain radius. This
is comparable to the maximum hoop stress of 275 N/mm? at the bore, for elastic
analysis at a pressure of 162N/mm?”. As the service pressure is increased, the hoop
stress at the bore is bound to increase to positive levels. This would lead to stress
reversals, with the possibility of incremental collapse or low cycle fatigue. Despite
the low hoop stress at the bore, it is therefore a critical point of the cylinder. If the
service stresses are kept below zero, this possibility does not arise and the critical
point remains at the elastic-plastic interface.

Fig. 16 shows the variations of effective service stresses at different levels of
service internal pressures. It is seen that for any overstrain level, no re-yielding of
the cylinder can occur until the full overstrain pressure is attained. It is also notable
that the maximum effective stress occurs at the overstrain radius and failure is there-
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Fig. 16 Service effective stresses for 51% overstrain for varying service pressures.

fore likely to initiate at the overstrain radius. From a practical point of view, a crack
starting at the inside, due to inclusions or other defects, is more difficult to detect
and could require careful use of non-destructive testing techniques.

Economics of Autofrettage

Fig. 17 shows the re-yield pressure for various overstrains. As the overstrain is
increased, the re-yield pressure increases. This means that, on re-loading, the cylin-
der can take up more pressure, before any new signs of material flow, than would
be the case for the cylinder which has not been autofrettaged. For higher values of
overstrain, the gain in re-yield pressure is less per unit overstrain increment. There
are two ways of evaluating the material economy and hence the optimum overstrain.
One approach is to consider a fixed bore radius and evaluate the outer surface radius
that would experience incipient yielding at an internal pressure given by the re-yield
pressure for the given overstrain. The other approach is to have a fixed outer radius
of the cylinder and seek a bore radius that would lead to incipient yielding at the
value of the re-yield pressure for the given overstrain. The results from these two
approaches are shown in Fig. 18. The savings from the first method are clearly more
than those obtained by considering the second method.

The percentage savings increase linearly as the limit of the internal pressure of
260N/mm? is approached. For the cylinder to carry any pressure beyond this point,
the yield stress needs to be increased, no matter what value of outside radius is used.
Therefore, any discussion of the saving in material must be confined to the case
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where the internal pressure, P, is less than Y,/+/3. For the cylinder under consider-
ation, the optimum overstrain is 16%. This gives an overstrain radius of (R.Ry)™,
which is 20% lower than the value obtained through other methods [33]. For the
fixed bore radius, a much larger outside radius would be required. This would be a
problem where dimensional, weight and cost limitations must be observed.

Conclusions and recommendations

The stresses and displacements obtained through a FEM analysis have been shown
to be equal to those obtained through the analytical procedure. The FEM program
developed in this work is therefore acceptable and may be reliably used in the analy-
sis of more complex geometries and load conditions. The frontal solution procedure
employed in this work allowed fine discretization and is suitable where there are
limited computing facilities, as has been demonstrated. While the load increment
method gives accurate results, it is very expensive. Autofrettage results in more
favourably distributed stresses with negative hoop stresses at the bore. Stress rever-
sals can be avoided by keeping the service stresses negative in overstrained cylin-
ders. For cylinders having a thickness ratio of 2, the optimum overstrain is 16%.

The effect of large strains occurring during high overstrains, particularly at the
bore, on the strain displacement matrix was not accounted for and needs to be inves-
tigated. The strain hardening behaviour of real materials needs to be accounted for
in future research.
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